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ABSTRACT
We investigate particles whose dynamics is invariant under the Carroll group. Although
a single free such Carroll particle has no non-trivial dynamics (‘the Carroll particle does
not move’) we show that there exists non-trivial dynamics for a set of interacting Carroll
particles. Furthermore, we gauge the Carroll algebra and couple the Carroll particle to
these gauge fields. It turns out that for such a coupled system even a single Carroll particle
can have non-trivial dynamics.
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2
1 Introduction
A long time ago Bacry and Levy-Leblond [1] have classified the possible relativity groups
in four dimensions. A relativity group is here defined as a possible invariance group of a
4D physical theory that contains the generators of relativity, i.e. time translations, space
translations, spatial rotations and boosts. Apart from the well-known Poincare´ and Galilei
groups their classification also yielded the adS, dS and Newton-Hooke groups [2] and, fur-
thermore, the less well-known Carroll groups [3]1. They also proved how these different
relativity groups are related by Ino¨nu¨-Wigner contractions. In fact, all of them can be ob-
tained by a contraction of the adS and dS groups. It turns out that there are three different
types of contractions of these groups: (1) the one that takes the radius of curvature of the
adS/dS spacetime to infinity; (2) the non-relativistic contraction that takes the velocity of
light to infinity and (3) the Carroll contraction that takes the velocity of light to zero. In
some sense the Carroll contraction is the opposite of a non-relativistic contraction and can
be viewed as the ultra-relativistic limit. Such ultra-relativistic limits have been studied in,
e.g., [4, 5]. Recently, it has been pointed out that there is an interesting relationship between
the Carroll symmetries and the BMS algebra [6]. The BMS algebra [7] has emerged recently
as the boundary symmetry group in a study of flat space holography, see for example [8, 9].
It is the purpose of this paper to study the dynamics of particles that realize the Carroll
symmetries. It is not obvious that such ‘Carroll particles’ allow for any non-trivial particle
dynamics. In fact, it turns out that the free Carroll particle has no dynamics at all: the free
Carroll particle does not move [10, 11, 12]. In this paper we wish to investigate whether
this is the generic situation or whether Carroll symmetries can allow for any non-trivial
particle dynamics. We will first study the free Carroll particle. In particular, we will show
that the mass-shell constraint allows for positive and negative energies and that the energy
is proportional to the mass of the particle, it can be positive, negative or zero. The latter
case corresponds to massless Carroll particles. The quantization of the free Carroll particle
leads to a kind of ultra-local relativistic Poincare´ theory. We will also study the symmetries
of free Carroll particles and conclude that the Carroll symmetry is enlarged to an infinite
dimensional symmetry. The particle models we consider in this paper are obtained by taking
the Carroll limit of the relativistic particle. As we will see, this Carroll limit wipes out all
information about the curvature of the spacetime in which the original relativistic particle
was moving in.
1In that time supersymmetry was not yet discovered.
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Next, we will extend the analysis to two-particle systems in a flat spacetime and show
that, in contrast to the single particle case, there is non-trivial dynamics. Moreover, we will
show that the infinite-dimensional symmetry of the free Caroll particle collapses to a finite-
dimensional global Carroll symmetry. We will describe one more situation in which the
Carroll particle can have non-trivial dynamics. That happens when we gauge the Carroll
algebra and use this as input to construct the coupling of the Carroll gauge fields to the
particle. We will show that the Carroll particle in such a non-trivial background can have
non-trivial dynamics.
The organization of this paper is as follows. In section 2 we introduce the free Carroll
particle and identify its infinite dimensional symmetries. In section 3 we extend the analysis
and consider a model of two interacting Carroll particles. In the next section we investigate
the dynamics of this model and show that, unlike the free case, there is non-trivial dynamics.
Subsequently, in section 5 we gauge the Carroll algebra and introduce the Carroll gauge
fields. In the same section we consider the coupling of these gauge fields to the Carroll
particle and again we will show that there is non-trivial dynamics. Finally, the conclusions
are given in section 6.
2 The Free Carroll Particle
One way to obtain the action of the free Carroll particle is to start from the massive particle
moving in an adS or dS spacetime and to take the Carroll limit 2. The canonical form of
the action before taking the limit is given by 3
S =
∫
dτ [p · x˙− e
2
(p2 +m2)] , (2.1)
where p2 = gµν(x)pµpν and g
µν(x) is the inverse metric of an adS or dS space. We will
work in a basis in which the adS line element is given by
ds2 = − cosh2 r
R
(dX0)2 +
(
sinh r
R
r
R
)2
(dXa)2 −
((
sinh r
R
r
R
)2
− 1
)
(dr)2 , (2.2)
where r =
√
XaXa. Similarly, the dS line element is given by
ds2 = +cos2
r
R
(dX0)2 +
(
sin r
R
r
R
)2
(dXa)2 −
((
sin r
R
r
R
)2
− 1
)
(dr)2. (2.3)
2 The action for the free Carroll particle can alternatively be obtained by using the method of non-linear
realizations [13] applied to the Carroll algebra [10] or by applying the method of coadjoint orbits [12]. More
details about the first construction can be found in the appendix.
3 The signature of the metric is (−,+,+,+).
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We next consider the Carroll limit which is given by 45
x0 =
t
ω
, p0 = ωE, m = ωM (2.4)
with ω →∞. It is understood that, before taking the limit, we rescale the Einbein variable
like
e→ −e
ω2
(2.5)
for both the AdS and dS cases. The Carroll limit is in both cases the same and is given by
SC =
∫
dτ
[− Et˙+ ~˙x · ~p− e
2
(E2 −M2)] . (2.6)
The canonical action (2.6) is invariant under the Carroll transformations
t′ = t+ ~β ·R~x+ at , ~x′ = R~x+ ~a ,
~p′ = R~p+ ~βE , E′ = E . (2.7)
We observe that the Carroll limit has eliminated the R-dependence of the relativistic
particle action and, consequently, any sign of the curved space time we started with. This
implies that the curvature of the transverse space cannot be probed by the Carroll particle.
The equations of motion corresponding to the action (2.6) are rather trivial: the free Carroll
particle is at rest and does not move.
The situation is rather different if we consider instead the non-relativistic limit of a
particle moving in an AdS or dS spacetime. In the AdS case, taking the non-relativistic
limit leads to the harmonic oscillator with frequency ω = 1/R, whereas in the dS case we
obtain the inverse harmonic oscillator. To be specific, upon performing the rescaling
x0 = ωt, p0 =
E
ω
, m = ωM (2.8)
and taking the limit ω → ∞ in the canonical action (2.1) with the AdS line-element (2.2)
we obtain 6
4Note that we use a dimensionless parameter ω instead of the velocity of light. Indeed, if one considers
the Carrollian counterpart of the non-relativistic limit of a string, one needs to use a dimensionless parameter
[14, 15].
5The contractions we consider in this work correspond to the ultra-relativistic limit of a world probed
by particles. There are more general contractions possible that correspond to the ultra-relativistic limit of
extended objects such as strings and branes.
6Following [14], in order to eliminate a divergent piece we introduce the coupling to a constant electro-
magnetic field.
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SC =
∫
dτ(−Et˙+ ~˙x · ~p− e(2ME − ~p2 − 1
R2
~x2). (2.9)
Taking the same limit in the action (2.1) with the de Sitter line element (2.3) we obtain the
following action:
SC =
∫
dτ(−Et˙+ ~˙x · ~p− e(2ME − ~p2 + 1
R2
~x2), (2.10)
which is the inverse harmonic oscillator. Therefore, in contrast to the Carroll limit, the
relativistic limit keeps track of the information of the curved space we started with.
Going back to the Carroll particle, the mass-shell constraint of the free Carroll particle
is given by
φ = E2 −M2 = 0 , (2.11)
which is solved by E = ±M . Note that the mass-shell constraints do not depend on the
spatial momenta. A difference with respect to the non-relativistic case is that here we
can have particles with negative energy and, furthermore, the massless limit M → 0 is
well-defined. The action of a massless Carroll particle becomes
SC =
∫
dτ(−Et˙+ ~˙x · ~p− e
2
E2) . (2.12)
If we quantize the model and impose the mass-shell constraint on the physical states we
end up with a kind of ultra-local relativistic Poincare´ theory with wave equation(
− d
2
dt2
−M2
)
φ(t, ~x) = 0 . (2.13)
Solving for the mass-shell constraints (2.11) we can write the action in the equivalent
form
SC =
∫
dτ
[∓Mt˙+ ~˙x · ~p] . (2.14)
In this case the transformation of the momenta becomes ~p′ = R~p± ~βM .
The generators of the Carroll algebra are given by
H = E , ~P = ~p , ~G = E~x , ~J = ~x× ~p , (2.15)
which is to be supplemented by the mass-shell condition E = ±M . In the massless case the
generators are given by
H = 0 , ~P = ~p = p~u , ~G = 0~x , ~J = ~x× ~p , (2.16)
where ~u is a unit vector, i.e. a general element of S2 [16].
We will now dedicate a separate subsection to a discussion of the symmetries of the free
Carroll particle.
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2.1 Infinite-dimensional Symmetries
The basic Poisson brackets of the canonical variables occurring in the action (2.6) are given
by
{E, t} = 1, {e, π} = 1, {xmi , pnj } = δm,nδi,j . (2.17)
This leads to the following equations of motion for these variables:
t˙ = −eE, ~˙x = 0, e˙ = λ(τ), E˙ = 0, ~˙p = 0 , π˙ = −1/2(E2 −M2) , (2.18)
where λ(τ) is an arbitrary function and π is the momenta associated to the Einbein variable
e which is constrained by π = 0.
Consider now the following generator of canonical transformations
G = −Eξ0(~x, t) + piξi(~x, t) + γ(~x, t)π, (2.19)
with parameters ξ0(~x, t) , ξi(~x, t) and γ(~x, t). The transformations generated by this gener-
ator are given by
δt = ξ0(~x, t), δxi = ξi(~x, t), δe = γ(~x, t) ,
δE = −∂tξ0(~x, t)E + ∂tξi(~x, t)pi + ∂tγ(~x, t)π ,
δpi = ∂iξ
0(~x, t)E − ∂iξj(~x, t))pj − ∂iγ(~x, t)π . (2.20)
These transformations are symmetries of the free Carroll particle, provided that G is a
constant of motion, i.e., ∂τG = 0. This leads to the following restriction on the parameters:
0 = −E(t˙∂tξ0(~x, t) + x˙j∂jξ0(~x, t)) + pi(t˙∂tξi(~x, t) + x˙j∂jξi(~x, t)) + π˙γ(~x, t)
= −eE2∂tξ0(~x, t)− eEpi∂tξi(~x, t)− 1
2
γ(~x, t)(E2 −M2) . (2.21)
From this equation we deduce the following Killing equations corresponding to the free
Carroll particle:
∂tξ
0(~x, t) = 0, ∂tξ
i(~x, t) = 0, γ(~x, t) = 0 . (2.22)
The solutions of these Killing equations are
ξ0 = ξ0(~x), ξi = ξi(~x) (2.23)
and, hence, the generator G is given by
G = −Eξ0(~x) + piξi(~x) . (2.24)
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We thus conclude that the free Carroll particle has an infinite dimensional symmetry. The
Carroll transformations (2.7) are obtained by keeping the first term in the powers series
expansion of the parameters ξ0(~x) and ξi(~x) in terms of ~x. Adding some curvature structure
by hand to the transverse space will eliminate the ”transverse spatial” transformations as
in [12, 6].
In the special case of a massless Carroll particle the isometries should be given by the
most general conformal Carroll group. The Killing equations in this case become
∂tξ
0(t, ~x)− γ
2e
= 0, ∂tξ
i(t, ~x) = 0 (2.25)
for arbitrary parameter γ(~x, t). This leads to the following generator of conformal Killing
transformations
G = −Eξ0(t, ~x) + piξi(~x) + 2πe∂tξ0(t, ~x) , (2.26)
which again generates an infinite dimensional symmetry. These transformations include
scale transformations of the time and space coordinates. If we put more structure in the
transverse space these transformations will have restrictions and we could obtain the Carroll
trasformations of [16, 6].
This concludes our discussion of the free Carroll particle, its dynamics and its symme-
tries.
3 A Model of Two Interacting Carroll Particles
In this section we will extend the analysis of the previous section and consider a model of
two Carroll particles interacting through a potential V that depends on the relative variables
of the particles. In order to construct the model we will first consider in subsection 3.1 a
relativistic model of two interacting particles. Next, in subsection 3.2, we will consider the
Carroll limit of this relativistic model. We will show that, unlike the single particle case,
there is non-trivial dynamics in the two body system. It is sufficient to consider the two
relativistic particles in flat space-time since, as we have seen in the single particle case,
the Carroll limit eliminates any reference to the curvature of the spacetime we start with.
Finally, in subsection 3.3 we will investigate the symmetries of the interacting Carroll model.
3.1 A Relativistic Two Particle Model
We consider the interacting two relativistic particle model of [17, 18, 19]. This model can
be defined on a phase space, where the coordinates and momenta are xµi , p
µ
i , (i = 1, 2;µ =
8
0, 1, 2, 3). The basic Poisson brackets are given by 7
{xµi , pνj } = δi,jηµν . (3.1)
The model is defined in terms of two constraints φ1 and φ2 given by
φ1 = p
2
1 +m
2
1 + V , φ2 = p
2
2 +m
2
2 + V .
We assume that the potential V has the most general dependence on the variables allowed
by the requirement that the following first class condition holds:
{φ1, φ2} = 0 . (3.2)
The constraints φ1 and φ2 are just a modification of the two mass shell constraints of two
free particles through the potential term. This potential term breaks the two Poincare´
invariances of the two free particles to a diagonal Poincare´ invariance 8.
As shown, for instance in [23], the potential V can have a dependence on the set of scalars
that are formed from the variables pµ1 and p
µ
2 , and the relative coordinate r
µ = xµ1 − xµ2 ,
transverse to the total momentum Pµ = pµ1 + p
µ
2 . This can be seen as follows. The first
class condition (3.2) can be written as
pµ1
∂V
∂xµ1
− pµ2
∂V
∂xµ2
= 0. (3.3)
We must add to this the requirement of translation invariance, that is
∂V
∂xµ1
= − ∂V
∂xµ2
, (3.4)
so that the first class condition becomes
Pµ
∂V
∂rµ
= 0 . (3.5)
This shows that indeed V must depend on the scalars formed from p1 , p2 and the part of r
that is transverse to the total momentum Pµ.
The allowed scalars are given by
s1 = −r2⊥ , s2 = (r⊥, p1) , s3 = (r⊥, p2) = −s2 ,
s4 = −p21 , s5 = −p22 , s6 = −(p1, p2) . (3.6)
7Remember that the signature of η is (−,+++).
8There is also a model where only one combination of the mass shell constraints is first class and there is
a further tranversality constraint that is second class [20, 21, 22]. This model has not a well defined Carroll
limit and will not be considered here.
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In these equations the transverse relative variable r⊥ is defined by
rµ
⊥
= rµ − (P · r)
P 2
Pµ, (3.7)
where ~r = ~x1 − ~x2 and ~P = ~p1 + ~p2.
This finishes our discussion of the relativistic two body model. In the next subsection
we will take the Carroll limit of this model.
3.2 The Carroll Limit of the Two Body Relativistic Model
The Carroll limit of the relativistic two body model defined in the previous subsection is
defined by rescaling the canonical variables with a parameter ω as follows:
p01 = ωE1, p
0
2 = ωE2, x
0
1 =
1
ω
t1 ,
x02 =
1
ω
t2, m1 = ωM1, m2 = ωM2
and taking the limit ω →∞.
The Carroll symmetries of the model we are looking for should be given by
t′i = ti +
~β · ~xi + at, ~x′i = ~xi + ~a,
E′i = Ei, ~p
′
i = ~pi +
~βEi, (i = 1, 2) . (3.8)
These transformations are the Carroll limit of the diagonal Poincare´ symmetries of the two
particles.
In order to derive the dependence of the Carroll potential on the coordinates we should
isolate in the asymptotic expansion of the scalars those terms that scale like ω2:
s4 = ω
2E21 − (~p1)2 +O(ω−2), s5 = ω2E22 − (~p2)2 +O(ω−2) ,
s6 = ω
2E1E2 − ~p1 · ~p2 +O(ω−2) , s4s5 − s26 = −ω2(E1~p2 − E2~p1)2 + · · · . (3.9)
Note that in the last equation the square of the Carroll boost invariant vector
~q ≡ E1~p2 − E2~p1 (3.10)
occurs.
We conclude that the potential could depend on q2 , E1 and E2, i.e., V = V (~q
2, E1, E2).
Furthermore, since ~r = ~x1 − ~x2 is also a Carroll boost invariant vector we could have the
more general potential V = V (~r2, ~q2, ~r · ~q,E1, E2). Therefore, the two first class Carroll
10
invariant mass shell constraints φi (i = 1, 2) which satisfy the constraint {φ1, φ2} = 0 and
define the model are given by
φi = E
2
i −M2i − V (~r2, ~q2, ~r · ~q,E1, E2) . (3.11)
Note that, due to the dependence of the potential on (~r)2 the two particle model is
sensitive to the curvature of the transverse space. We consider here a flat transverse space.
This leads to the following canonical action for the model
S =
∫
dτ L =
∫
dτ
[
E1t˙1 + E2t˙2 − ~˙x1 · ~p1 − ~˙x2 · ~p2 + λ1φ1 + λ2φ2
]
. (3.12)
We observe that the infinite-dimensional symmetries of the single particle are absent in the
two-particle model due to the non-invariance of the relative coordinates ~r and ~q.
Having defined the interacting Carroll model, we are going to investigate its dynamics
in the next section.
4 The Dynamics of Two Carroll Particles
The equations of motion derived from the canonical action (3.12) are given by
~˙x1 = {~x1, −V }(e1 + e2) , ~˙x2 = {~x2, −V }(e1 + e2) ,
t˙1 = −2E1e1 + {t1, −V }(e1 + e2) , t˙2 = −2E2e2 + {t2, −V }(e1 + e2) ,
~˙p1 = {~p1, −V }(e1 + e2) , ~˙p2 = {~p2, −V }(e1 + e2) ,
E˙1 = {E1, −V }(e1 + e2) , E˙2 = {E2, −V }(e1 + e2) . (4.1)
We wish to investigate whether in general two interacting Carroll particles can move,
i.e. can have non-trivial dynamics. In order to find out we choose as an example a simple
potential that only depends on the “relative momenta” ~q = E1~p2 − E2~p1, i.e., we consider
a potential of the form V = V (~q2). In this special case the equations of motion of ~xi read
~˙x1 = − 4
D
V ′E2~q(E2t˙1 + E1t˙2) , ~˙x2 = +
4
D
V ′E1~q(E2t˙1 + E1t˙2) , (4.2)
where we have used the equations of motion (4.1) to write the Einbein variables in terms
of t˙i and a new variable D which is defined by
D = 4
[
E1E2 +E1V
′(~p1 · ~q)− E2V ′(~p2 · ~q)
]
. (4.3)
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We fix the two gauge symmetries generated by the two first class constraints φ1 and φ2
by imposing the gauge-fixing conditions t1 = t2 = t. Substituting these conditions back
into the equations of motion we obtain
d~x1
dt
= −E2 4(E1 + E2)
D
V ′~q ,
d~x2
dt
= +E1
4(E1 + E2)
D
V ′~q . (4.4)
From this we derive that
d
dt
(E1~x1 + E2~x2) = 0. (4.5)
In this equation we still need to express E1 and E2 using the mass shells constraints (3.11).
For our choice of potential we can express E1 and E2 in terms of the momenta p1, p2 and
the masses M1,M2. We have four sheets of solutions. Introducing a small parameter α in
the potential we can write
Ei =Mi +Oi(α) . (4.6)
We find that to lowest order in α the velocity of the center of mass is conserved, i.e.,
M1
d~x1
dt
+M2
d~x2
dt
= constant . (4.7)
This implies non-trivial dynamics for the separate particles.
Our final conclusion is that, in contrast to a single Carroll particle, interacting Carroll
particles can have non-trivial dynamics!
5 Coupling the Carroll Particle to Gauge Fields
In this section we will consider the gauging of the Carroll algebra and consider the coupling
of the Carroll particle to the gauge fields corresponding to the Carroll algebra. In the
first subsection we will introduce the Carroll algebra and compare it with the well-known
Galilei algebra. It is known that a gauging of the Galilei algebra, or more precisely its
centrally extended version, the Bargmann algebra, leads to a description of Newton-Cartan
gravity. In the second subsection we will investigate what happens when one applies the
same gauging procedure to the (non-centrally extended) Carroll algebra. Finally, in the last
subsection we will consider the coupling of the Carroll particle to the gauge fields of the
Carroll algebra.
5.1 Comparing the Galilei and Carroll Algebras
The Galilei and Carroll algebras can be viewed as different contractions of the Poincare´
algebra. We therefore start by considering the Poincare´ algebra in D spacetime dimensions
[MBC , PA] = −2ηA[BPC] , [MCD,MEF ] = 4η[C[EMF ]D] , (5.1)
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where the indices A,B, · · · = 0, 1, . . . ,D−1 are flat Lorentz indices. Writing A = (0, a) , a =
1, 2, . . . ,D − 1, the usual non-relativistic limit of the Poincare´ algebra is defined by means
of the following contraction:
Galilei contraction: P0 =
1
ω
H , Ma0 = ωGa , ω →∞ , (5.2)
which leads to the D-dimensional Galilei algebra:
Galilei Algebra
[Jab, Pc] = −2δc[aPb] , [Jab, Gc] = −2δc[aGb] ,
[Jcd, Jef ] = 4η[c[e Jf ]d] , [Ga,H] = −Pa . (5.3)
We have renamed Mab = Jab. Here (H,Pa, Jab, Ga) are the generators of time translations,
space translations, boosts and spatial rotations, respectively.
The Galilei transformations corresponding to the algebra (5.3) acting on spacetime
coordinates xµ = (t, xi), i = 1, 2, . . . ,D − 1, are given by
δt = −ζ , δxi = λijxj − vit− ai . (5.4)
Here (ζ , λij , v
i , ai) parametrize a (constant) time translation, space translation, spatial
rotation and boost transformation, respectively. A special feature of the Galilei algebra
is that it admits a central extension. The centrally extended Galilei algebra contains an
additional central charge generator Z and is called the Bargmann algebra. The commutators
of the Bargmann algebra are given by those of the Galilei algebra, see eq. (5.3), together
with the following commutator containing Z:
[Ga, Pb] = −δab Z . (5.5)
It turns out that this central extension is indispensable in order to show that Newton-Cartan
gravity follows from the gauging of an algebra.
There exists another less well-known contraction of the Poincare´ algebra which corre-
sponds to taking the ultra-relativistic limit. This so-called Carroll contraction is given by
[3]:
Carroll contraction: P0 = ωH , Ma0 = ωGa , ω →∞ . (5.6)
This contraction leads to the D-dimensional Carroll algebra [3]:
Carroll Algebra
13
symmetry generators gauge field parameters curvatures
temporal translations H τµ ζ(x
ν) Rµν(H)
spatial translations Pa eµ
a ζa(xν) Rµν
a(P )
boosts Ga ωµ
a λa(xν) Rµν
a(G)
spatial rotations Jab ωµ
ab λab(xν) Rµν
ab(J)
Table 1
This table indicates the generators of the Carroll algebra and the gauge fields, local parameters and
curvatures that are associated to each of these generators.
[Jab, Pc] = −2δc[aPb] , [Jab, Gc] = −2δc[aGb] ,
[Jcd, Jef ] = 4η[c[e Jf ]d] , [Ga, Pb] = −δabH . (5.7)
In contrast to the Galilei algebra, the Carroll algebra does not allow for a central exten-
sion 9. The Carroll transformations corresponding to the algebra (5.7) acting on spacetime
coordinates xµ = (t, xi), i = 1, 2, . . . ,D − 1, are given by
δt = −ζ − vixi , δxi = λijxj − ai . (5.8)
Here, like in the Galilei case, (ζ , λij , v
i , ai) parametrize a (constant) time translation, space
translation, spatial rotation and boost transformation, respectively.
Below we derive the gauge transformations of the Carroll gauge fields by gauging the
Carroll algebra thereby stressing the common features as well as the differences with the
gauging of the centrally extended Galilei algebra, i.e. the Bargmann algebra.
5.2 Gauging the Carroll Algebra
We consider the gauging of the D-dimensional Carroll algebra (5.7) following the same
gauging procedure that in the case of the Bargmann algebra leads to Newton-Cartan gravity
[24, 25] and see how far we can get. As a first step we introduce for each generator of the
Carroll algebra a gauge field, a local parameter parametrizing the corresponding symmetry
and the gauge-covariant curvatures, see Table 1.
9An exception is the 3D Carroll algebra which does allow a central extension of the form [Ga, Gb] = ǫabZ˜.
Since we wish to consider the generic situation, valid for D dimensions, we will not consider this central
extension any further.
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According to the Carroll algebra (5.7) the gauge fields transform as follows:10
δτµ = λ
aeµa + ∂µζ − ζaωµa ,
δeµ
a = (Dµζ)
a + λabeµ
b ,
δωµ
ab = ∂µλ
ab , (5.9)
δωµ
a = (Dµλ)
a + λabωµ
b ,
where Dµ is the covariant derivative with respect to spatial rotations. The following curva-
tures transform covariantly under these transformations:
Rµν(H) = 2∂[µτν] − 2ω[µaeν]a ,
Rµν
a(P ) = 2∂[µeν]
a − 2ω[µabeν]b ,
Rµν
a(G) = 2∂[µων]
a − 2ω[µabων]b , (5.10)
Rµν
ab(J) = 2∂[µων]
ab .
Our first task is now to impose conventional constraints on the curvatures, like one does
when gauging the Bargmann algebra [26]. To be precise, we impose constraints on the
Carroll curvatures (5.10) such that the temporal and spatial translations, with parameters
ζ and ζa, get equivalent to the general coordinate transformations, with parameters ξµ,
modulo boosts, with parameters λa = ξµωµ
a and spatial rotations, with parameters λab =
ξµωµ
ab. For this, we need the following two identities for those gauge fields that transform
under H and/or Pa-transformations.:
δg.c.t.(ξ
ν)τµ =
[
δH(ξ
λτλ) + δP (ξ
λeλ
a) + δG(ξ
λωλ
a)
]
τµ + ξ
λRλµ(H) , (5.11)
δg.c.t.(ξ
ν)eµ
a =
[
δP (ξ
λeλ
a) + δJ(ξ
λωλ
ab)
]
eµ
a + ξλRλµ
a(P ) . (5.12)
These identities show that, in order to equate a general coordinate transformation to an H-
and Pa-transformation, modulo a boost and/or a spatial rotation, we need to impose the
following set of conventional constraints:
Rµν(H) = Rµν
a(P ) = 0 . (5.13)
We furthermore deduce that the relation between the different parameters is given by
ζ = ξµτµ , ζ
a = ξµeµ
a . (5.14)
10All parameters depend on the coordinates xµ, even when not explicitly indicated.
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Introducing the projective inverses τµ and eµa of τµ and eµ
a, respectively, as follows:
eµ
aeµb = δ
a
b , τ
µτµ = 1 ,
τµeµ
a = 0 , τµe
µ
a = 0 , (5.15)
eµ
aeνa = δ
ν
µ − τµτν .
we derive that the inverse relation between ζ, ζa and ξµ is given by
ξµ = τµζ + eµaζ
a . (5.16)
The gauge fields τµ and eµ
a can now be interpreted as the temporal and spatial Vielbeine.
The transformations of these Vielbeine together with their projective inverse fields under
boosts and spatial rotations are given by
δτµ = λ
aeµa , δeµ
a = λabeµ
b , (5.17)
δτµ = 0 , δeµa = λa
beµb − τµλa , (5.18)
while under general coordinate transformations they transform as covariant (τµ and eµ
a)
and contra-variant (τµ and eµa) vectors. From now on we will work solely with the general
coordinate transformations and not consider the temporal and spatial translations anymore.
We observe that the projective invertability relations (5.15) are invariant under the non-
trivial boost transformations of τµ and e
µ
a. Like in the Bargmann case, this corresponds
to the ambiguity of defining the inverse of a singular matrix. Therefore, in the Carroll case
the only fields that are un-ambigiously defined are
Carroll: {τµ , eµa} (5.19)
These Carroll fields are invariant under boosts and transform in the standard way under
spatial rotations and general coordinate transformations. Note that there is no central
charge gauge field.
Unlike in the Bargmann case, the conventional constraints (5.13) are not sufficient to
solve for the boost gauge fields ωµ
a and the gauge field of spatial rotations ωµ
ab. The
reason for this difference is that the Bargmann algebra leads to an additional central charge
gauge field whose curvature may be set to zero. This particular conventional constraint
plays a crucial role in solving for the spin-connection fields in the Bargmann case. In the
Carroll case, the boost gauge field ωµ
a only occurs in the first constraint in (5.13) and this
constraint is invariant under the following shift symmetries:
ωµ
a → ωµa + eµbX(ab) , (5.20)
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with X(ab) an arbitrary symmetric tensor. This shows that ωµ
a can only be solved modulo
this ambiguity.
Another difference with the Galilei case is that a foliation-defining constraint, like the
constraint ∂[µτν]G = 0 that we have in the Bargmann case, is absent. The reason for this
is that in the Carroll case such a constraint is not invariant under boost transformations.
Instead, it is the inverse temporal Vielbein (τµ)C that is invariant under boost transforma-
tions and hence has an invariant meaning. This is in line with the duality relation between
the Galilei and Carroll cases discussed in [27, 12]
(τµdx
µ)G ←→ (τµ ∂
∂xµ
)C . (5.21)
5.3 Coupling the Carroll Particle to Gauge Fields
Having established in the previous subsection the transformation rules of the Carroll gauge
fields, let us now couple a Carroll particle to these gauge fields. Since τµ is invariant under
boosts it is natural to use this gauge field when coupling to the Carroll particle. The
covariantization of the action (2.6) which is invariant under the sigma model symmetries is
S =
∫
dτ
[
pµx˙µ − e
2
(
τµ(t, ~x)τν(t, ~x)pµpν −M2
)]
, (5.22)
where p0 = −E. The equations of motion that follow from this action are given by
x˙µ = eτµτνpν , p˙µ = −e(∂µτρ)τσpσpρ . (5.23)
From these equations we deduce that the single Carroll particle in a non-trivial background
specified by the inverse Vielbein τµ has non-trivial dynamics.
It is not difficult to compute the Killing equations to find the Noether symmetries of
the action (5.22). We take as the generator of these transformations
G = ξµ(t, ~x)pµ . (5.24)
For a flat transverse space, the condition of being a symmetry, G˙ = 0, implies
Lξτµ = 0 . (5.25)
If curvature is turned on by hand this condition should be supplemented with the require-
ment that Lξgij = 0 [12].
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6 Discussion
The particle models we have considered in this paper are obtained by taking the Carroll
limit of the relativistic particle. The resulting Carroll particle is by construction invariant
under the Carroll symmetries. A particular feature of the Carroll limit is that it wipes
out all information about the curvature of the spacetime in which the original relativistic
particle was moving in. The free Carroll particle has several noteworthy features. First of
all, the free particle action is in fact invariant under infinite-dimensional symmetries, see
eq. (2.23). Secondly, the mass-shell constraint allows for positive as well as negative energy
solutions, like in the relativistic case. There exists also the limit to a massless Carroll
particle.
Concerning the dynamics, the free Carroll particle has rather uninteresting dynamics: it
cannot move. In this paper we investigated two situations in which this is no longer the case.
We first showed that for a set of interacting Carroll particles only the center of mass cannot
move but that the separate particles can have non-trivial dynamics, see eq. (4.7). Next, we
introduced non-trivial background fields by gauging the Carroll algebra and coupled these
background fields to a single Carroll particle. We showed that even a single Carroll particle,
due to the non-trivial background fields, can move, see eq. (5.23).
When gauging the Carroll algebra, we were not able to find a set of conventional con-
straints that enables one to solve for the connection fields corresponding to spatial rotations
and boosts. This is in contrast to what happens when gauging the Bargmann algebra where
the connection fields can be solved and where the gauging procedure leads to a description
of Newton-Cartan gravity. A crucial role is here played by the central charge generator
which can be added to the Galilei algebra but not to the Carroll algebra. It would be in-
teresting to see in which sense a definition of ‘Carroll gravity’ can be given consistent with
the duality between Galilei and Carroll gravity proposed in [27, 12].
One direction where Caroll symmetries and the non-trivial particle dynamics could have
applications is in studies of the gauge/gravity duality where BMS symmetries, which are
closely related to Carroll symmetries [6, 12], emerge at the boundary. It would be interesting
to investigate these relationships further and, in particular, to consider generalizations of
the Carroll contraction that correspond to the ultra-relativistic limit of a world probed by
extended objects such as strings and branes.
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A An Alternative Derivation of the Carroll Particle Action
In this appendix we give an alternative derivation of the Carroll particle action (2.14) using
the non-linear realization method [13]. Our starting point is the D-dimensional Carroll
alrebra given in (5.7). We consider the coset CarrollRotations [10], that we locally parametrize as
g = e−tHe~x
~P e~v
~G , (A.1)
where t, ~x are the Goldstone bosons associated to space-time translations and ~v are the
Goldstone bosons associated to the broken boosts.
The Maurer-Cartan form Ω is given by
Ω = g−1dg = HLH + L
~P ~P + L
~G ~G (A.2)
= (−dt+ ~vd~x)H + d~x~P + d~v ~G . (A.3)
The action for the particle with lowest order in derivatives is obtained by taking the pullback
of the rotation invariant form LH to the world-line of the particle:
S =M
∫
dτ(LH)∗ =
∫
dτ(−Mt˙+M~v~˙x) . (A.4)
The momentum of the Carroll particle is therefore ~p = M~v. The Goldstone bosons of the
broken boosts are always related to the momentum of the particle. The action obtained
from the non-linear realization in general is a phase space action, see for example [28].
Finally, the transformations that leave invariant the Maurer-Cartan form are the Carroll
symmetries
t′ = t+ ~β · ~x+ at , ~x′ = ~x+ ~a ,
~v′ = ~v + ~β . (A.5)
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